We present a detailed study of the first simple mechanical system that shows fully realistic transport behavior while still being exactly solvable at the level of equilibrium statistical mechanics. The system under consideration is a Lorentz gas with fixed freely-rotating circular scatterers interacting with point particles via perfectly rough collisions. Upon imposing a temperature and/or a chemical potential gradient, a stationary state is attained for which local thermal equilibrium holds for low values of the imposed gradients. Transport in this system is normal, in the sense that the transport coefficients which characterize the flow of heat and matter are finite in the thermodynamic limit. Moreover, the two flows are non-trivially coupled, satisfying Onsager's reciprocity relations to within numerical accuracy as well as the Green-Kubo relations. We further show numerically that an applied electric field causes the same currents as the corresponding chemical potential gradient in first order of the applied field. Puzzling discrepancies in higher order effects (Joule heating) are also observed. Finally, the role of entropy production in this purely Hamiltonian system is shortly discussed.
INTRODUCTION
One of the major motors of research in statistical physics has been the quest to understand the link between macroscopic phenomena and the underlying microscopic physics of a system. In particular, the origin of the macroscopic ''laws'' of thermodynamic transport is still one of the major challenges to theoretical physics. These phenomenological laws are known to describe accurately the processes of diffusion, heat conduction, viscosity among a host of other phenomena, and are fundamental to the quantitative description of macroscopic systems in general. However, the attempts to link these macroscopic laws to the underlying microscopic dynamics have not been conclusive thus far. From a mathematically rigorous point of view, very few results have been obtained.
(1) Indeed, to our knowledge, the validity of Fourier's law has been proven analytically only for a very specific model in the limit of infinite dilution with finite mean free path.
There have also been attempts to link transport phenomena to the chaotic properties of the underlying classical dynamics;
(4) and a connection between the rate of entropy production and the rate of contraction of phase space volume in thermostated (non Hamiltonian) systems has been pointed out. Given this state of affairs, a common strategy is to propose and study systems which reproduce, in numerical simulations, the phenomena under consideration, and to attempt to determine how the physical ingredients of these models give rise to the macroscopic behaviour. However, the systems considered thus far have been either too complicated to shed much light upon the problem, or have actually failed to reproduce the macroscopic phenomenology. Attempts have been made, on one side, through the simulation of realistic many-body systems satisfying a thermostated dynamics (see for example ref. 9). These simulations have indeed been able to reproduce non-trivial transport phenomena. However, such studies do not provide a detailed understanding of the microscopic processes involved due to the excessive complexity of the system under study. The other numerical approach involves the study of transport in ''simple systems.'' Examples of these include: chains of anharmonic oscillators (10) and the so called ding-aling and ding-dong models, (11, 12) among others. Of these, energy transport in the chains was shown to be ''anomalous.'' This is an euphemism indicating that energy transport cannot be described as a diffusive process and currents do not scale with the gradients in the expected way. In contrast, ''normal'' transport indicates that even in the thermodynamic limit, transport can accurately be described as a diffusive process and that the flux is proportional to the gradient as stated, say, in Fourier's law. The ding-aling and ding-dong models, indeed do yield normal transport under certain conditions; however, they include geometric constraints that make even their equilibrium properties an extremely complicated affair. As we shall see, the knowledge of such equilibrium properties is often useful, which is why we consider it important to have a model where these are explicitly known.
One particularly thorny problem in attempting to reproduce the phenomenological laws of thermodynamic transport, is that these apply to systems which are characterized by local thermodynamic equilibrium
